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h 1. INTRODUCTION
The regenerative dsthod is a mathematically rigorous procedure for
obtaining confidence intervals for steady state parameters. In order to

properly assess the regengrative method, it is necessary to discuss those
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characteristics that'nakn a confidence interval “"good.”
2. QUALITATIVE STRUCTURE OF CONFIDEMCE INTERVALS
Given a parameter pu , a confidence interval for u 1s generally based -—
on a limit theorem of the form -
(2.1) (rt - "')/vt: = L
as t+ > , yhere L is a finite r.v. with a continuous distridbution i;;;
function; the parameter t wmeasures the simulation effort required to obtain fiff
r, and Ve o The processes T, and v, will be called a point estimate fﬁff
(for p) and a normalizing process, respectively; we shall always assuae v, T
is positive. To obtain an approximate 100 (I - )X confidence interval for ;k;ﬁ
W, select z,, z, such that P(zl LLK zz} =1 - a. Then, for large ¢t , tf;;
(2.2) [z, = 2,0 £, = zlvt] -
contains u with probability 1 - . The following hierarchy of properties -
largely determines tha quality of the confidence interval. ~ -
a.) consistency of r : 1if rt is not consistent, v: does not tead to ;:;i
zero, and confidence interval half-length does not shrink to zero o
wvith incressing t. ;{;
-'l\'j
b.) asyaptotic mean square error of r : in general, T, is N
*.':u:
asymptotically normal. Then, there exists a non-negstive o such e

that
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(2.3) e/2(e, - w) = a8(0,1) .
Squaring and taking expectations through (2.3), we observe that i;iﬁ
MSE (r.t) ~ qzlt + Consequently, one wants to choose r,  so that o M
is as small as possible. :
;- c.) expected half-width of confidence interval: by (2.2), the expected .i
< half-widch of the confidence interval 1is (z2 - zl)l':vc . In general, ; __
!: when asymptotic normality holds, (zz - zl)Evt ~ (z2 - zl)v/t:l/2 for -
7 some v ; the goal is to minimize v ., ?
s d.) variability of half-width of confidence interval: cthe variance of -;;
the half-width is given by (z2 - zl)zvar Ve o Under quite gcncralz
conditions, (z2 - zl)zvar v ~(zz - zl)za/: ; the goal is to
ainimize a . ,
e.) approximation error: Let Ac - P(zl 5.(rt - “)/Vt.ﬁ 22} ;j?:
; - P{zl'g L zz} be the coverage error for the confidence interval. ".;
" 1/2 ‘

Berry-Esseen considerations suggest that, in general, At ~ B/t 3

ainimization of B 1is desirable. - -

3. THR RECENERATIVE METHOD
' Loosely speaking, a regenerative process is one which looks like a
sequence of independent and identically distributed (1.i.d.) r.v.'s, when

viewed on an appropriate random time scale. More precisely,

X = {X(t) : t > 0} 1is a regenerative process with regeneration times :{ﬁﬁf
0=Ty<T <oee 1if (fk, X(s) : T, , <8 <T} 1s a sequence of i.i.d.

raadom elements, where ™" Tk - Th-l « For examples of such processes, see
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Crane and Lewoine (1977). Given a resl-valued function defined on the state

space of X ,

t
(3.1) r, --:- | £(X(s))ds » r a.s.
0

under mild assumptions on X and £ . The goal of a steady state simulation
is to produce confidence inctervals for r .

Accesﬁi—r;n For.’_’
NTTS ronul

. 1t pTC
' P U o
N(t) = max (k20 : T < ¢} NV -
. pi
: Ti ‘ .- ' RESE:
- Y, =] f(x(s))ds , L e
’:Zj-‘ Ti1 Wit ek
A then ;* \
F (3.2) r.ox ¥y, /1T \A:!‘
- . t N(t)” "N(t) ’
:. ,/"‘“\.\
_ where ?n, ?“ are the sample means of the Y 's and <t 's , respective- Lo
a ly. Regenerative structure ensures thac ((Y,, t.) : 12 1} 18 a sequence A

of 1.1.d, random vectors, so that (3.1) and (3.2) together suggest that

r= Hllt‘cl . Th.ﬂ’ b’ (3.2).

r ~-r =2 /3

3 N(e)" "N(e)

where & - 'k -rT has mesan zero. Standard central limit theory arguments

prove that

t”z(rt - r) =» oN(0,})
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vhere ot -} 62(21)/!11 (=, if E(Yf + 1:%) < ® . Furthermore,
n, * g 8a.8., vhere nf - 'ﬁ(:)/?u(e) and
a
1 7 /: 2
e Dy - (/707"

n n=-1
i=]1

We conclude that

(!-'t - '-')/vc => N(0,1)

vhere v, = lntlltuz is the normalizing process for the regenerative

method. The qualitative structure of the regenerative confidence interval can

be summarized as follows:

a.) T, is consistent for r ,

b.) usz(rt) ~ (az(zl)lttl)/t (note that any confidence incterval method
using the sample mean r, as a point estimate will have the same
MSE),

e.) “2"‘1""":" 2:(«)6(21)/(811-:)1/2, wvhere z(a) solves
P{N(0,1) £ z(a)} = 1 - a/2 ,

d.) t(z2 - :l)zv.r e + 0 (in fact, (zz-zl)zvar Ve ~ azltz, see GLYNN
and IGLEHART (1984)),

e.) P 1is currently unknown.

Note that £ 1is a reflection of approximation error due to the bias of

rt and skewness/kurtosis effects. It is to be anticipated that the {.i.d.

.....




structure associated with the regenerative viewpoint can be used to reduce —
these errors. For cxaﬁblc, MEKETON and HEIDELBERGER (1982) developed a point

estimate which 1s asymptotically equivalent to r but which significantly

: 1 ]
reduces bias. Also, GLYNN (1982) proposed a procedure for reducing B8 in the

closely related problem of estimating r on the time scale of regenerative
cycles. E;i}j

As discussed above, the regenerative method is a theoretically sound

procedure for the steady state confidence interval problem. The main 1

advantages of the method are:

) ' i.) 1its good asymptotic properties (for example, az(v ) = 0(l/t2) - ‘:
S indicates the accurate “variance constant estimatiSn” possible with. ':

.. the regenerative method), ’ S

ii.) the ability to make small-sample corrections to reduce approximation fiiﬂi

error, SR

B s |

1ii.) the i.1.d. structure allows one to develop procedures for a host of =9

other estimation problems (e.g. comparison of stochastic systems; see Y

HEIDELBERGER and IGLEHART (1979)), 5]

one]

iv.) no prior parameters are needed as input for the method, other than RO

run length. -

-

The main disadvantages. of the method are: .

X

i.) the requirement to identify regeneration times means that the method 1

is hard to "black box”, -

11.) the method may behave unsatisfactorily if the expected time between
regeneracions is long. (Estimation of parameters for such simula- S
tions is likely to be difficult using any method.) R
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